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The calcium intercalated graphite (CaC6) is considered to be a representative material of the
graphite intercalated superconductors, which exhibits sizable anisotropy of the Fermi surface (FS).
Herein, the influence of the FS anisotropy on the critical magnetic field (HC) in CaC6 superconductor
is comprehensively analyzed within the Migdal-Eliashberg (M-E) formalism. To precisely account
for the mentioned anisotropy effects, the analysis is conducted in the framework of the six-band
approximation, hitherto not employed for calculations of the HC function in CaC6 material. For
convenience, the obtained results are compared with the available one- and three-band estimates
reported by using the M-E theory. A notable signatures of the increased number of bands are
observed for the temperature dependent HC functions. In particular, the HC function decreases
at T=0 K as the number of the considered bands is higher. Moreover, it is argued that the six-
band formalism yields the most physically relevant shape of the HC function among all considered
approximations. Therefore, the six-band model introduces not only quantitative but also qualitative
changes to the results, in comparison to the other discussed FS approximations. This observation
supports postulate that the six-band model constitutes minimal structure for FS of CaC6, but also
magnify importance of anisotropy effects for the critical magnetic field calculations.
Keywords: CaC6 compound, multi-band super-
conducting state, thermodynamic properties, strong-
coupling formalism.
I. INTRODUCTION
Graphite, the most thermodynamically stable of car-
bon allotrope forms, is a system of layered structure with
a notable difference between the in- and out-of-plane
interactions. Specifically, the interactions between the
atoms in the same plane are stronger than interactions
between atoms in the neighboring planes; the carbon-
carbon atoms are connected by the strong covalent bonds
(piz), whereas graphene layers are brought togheter by
the weak Van der Waal’s bonds (σ). Such presence of
two types of bonds results in a highly anisotropic prop-
erties of graphite [1]. Because the carbon σ bands are
completely filled, the pi bands have dominant character
on the Fermi surface of carbon [2]. At the same time,
from this quasi-bidimensionality arises a large number of
other interesting properties, namely: the differences be-
tween elastic constants parallel and perpendicular to the
graphite planes, the different conductivities etc. [3].
Unfortunately, the pure graphite does not exhibits su-
perconducting properties [4, 5], and the introduction of
the foreign metal atoms between graphite layers (known
as the intercalation process) is required to induce super-
conducting condensate [3, 6, 7]. After intercalation the
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structure of graphite within a given carbon layer does
not change much [8], however the inter-planar distances
and surface plane aggregation are the subject to mod-
ifications [9]. Nowadays, over 100 reagents are know
which can intercalate graphite [10], with calcium being
the most prominent example. In particular, the CaC6
compound exhibits the highest value TC = 11.5 K among
all graphene intercalated compounds (GICs) [8]. Yet
another characteristic feature of superconducting state
in CaC6 is the fact that its Fermi surface is highly
anisotropic [11] and therefore requires multi-band the-
oretical models for the appropriate description [11, 12].
The aim of presented work is to discuss the influence
of Fermi surface (FS) anisotropy on the critical mag-
netic field (HC) in CaC6 superconductor. The moti-
vation for these investigations are the previous findings
which suggest appearance of a notable anisotropy sig-
natures in the properties of CaC6, such as: the pairing
gap, the electron-phonon and electron-electron interac-
tions, as well as the electron effective mass [2, 11, 12]. In
this manner our work appears as a supplementary to the
already available studies, but also attempts to visualize
discussed effects in the magnetic features of CaC6. Such
complementary picture may be additionally of great im-
portance for future studies on GICs as well as their purely
two-dimensional counterparts like the lithium-decorated
graphene [13–16], which is also predicted to present siz-
able anisotropy [17, 18]. To this end, present work at-
tempts to verify the postulate that six-band model of FS
in CaC6 should be considered as a minimal approxima-
tion [2].
Specifically, the analysis of the aforementioned proper-
ties is conducted within the six-band Migdal-Eliashberg
(M-E) formalism [19, 20], hitherto not employed for the
calculations of the HC function in CaC6. The choice of
2the theoretical model is reinforced not only by the strong
FS anisotropy but also by the relatively high electron-
phonon coupling constant λ = 0.831 in CaC6, which
prevents its description within the canonical Bardeen-
Cooper-Schrieffer theory [21–23]. Finally, for conve-
nience, the obtained results are compared with the pre-
dictions of the one- and three-band M-E model, reported
previously in [12].
II. THEORETICAL MODEL
As mentioned above, the thermodynamic properties
of interest for the superconducting state in CaC6 are
analyzed here within the multi-band Migdal-Eliashberg
equations. The solutions of such equations are required
for further estimation of the HC function in CaC6.
Specifically, due to the assumed six effective bands [24],
the Eliashberg equations for the order parameter (∆αn =
∆α(iωn)) and the wave function renormalization factor
(Zαn = Z
α(iωn)) on the imaginary axis take the following
form:
∆αnZ
α
n = pikBT
∑
β
M∑
m=−M
[Kαβ (ωn − ωm)− µ⋆αβ (ωm)]√
ω2m +
(
∆βm
)2 ∆βm, (1)
and
Zαn = 1 + pikBT
∑
β
M∑
m=−M
Kαβ (ωn − ωm)√
ω2m +
(
∆βm
)2
ωm
ωn
Zβm, (2)
where symbols α, β ∈ {1a, 1b, 2a, 2b, 3a, 3b} denote the
index of the electronic band. The assumed division arises
from the previously defined characteristic Fermi surface
points within the three-band approximation (see Fig. 1
(A)) [11]. In particular, the physically distinct regions
are: the outer pi FS part (band 1), the spherical FS part
(band 2) and the pi FS part crossing the spheres (band
3). It turns out that each of the mentioned parts can be
further divided into the two coupled parts named a and
b, resulting in the employed six-band approximation [24].
Moreover, in Eq. (1) and (2) the fermion Matsubara
frequency is defined by: ωn = pikBT (2n− 1), where kB
represents the Boltzmann constant. In order to obtain
the numerical stability of our calculations we assume 300
Matsubara frequencies. Such assumption allows us to
obtain physically relevant and stable results for T > T0
where T0 = 2 K. Finally, the K
αβ(z) function is the
electron-phonon pairing kernel:
Kαβ(ωn − ωm) = λαβ Ω
2
C
(ωn − ωm)2 +Ω2C
, (3)
where λαβ denotes the electron-phonon coupling con-
1a 1b 2a 2b 3a1 2 3
FIG. 1: Graphical representation of the band indexes within
the three- and six-band approximation of Fermi surface for
the CaC6 compound [11].
stant, which is defined in the matrix form as follows [24]:
[
λαβ
]
=


0.163 0.126 0.099 0.033 0.201 0.046
0.179 0.140 0.105 0.035 0.221 0.050
0.331 0.245 0.151 0.084 0.384 0.096
0.271 0.202 0.206 0.047 0.400 0.080
0.252 0.194 0.145 0.061 0.309 0.073
0.206 0.157 0.128 0.044 0.259 0.060


.
(4)
The Eliashberg equations (1) and (2) are numerically
solved by using the modified numerical procedures ini-
tially developed for the isotropic materials [25–29] and
later adopted to three-band CaC6 superconductor [12].
In this context, the input parameters for the calculations
are the critical temperature TC = 11.5 K and the corre-
sponding elements of the Coulomb pseudopotential (µ⋆αβ)
matrix [24]:
[
µ⋆αβ
]
=


0.250 0.250 0.250 0.250 0.250 0.250
0.176 0.176 0.176 0.176 0.176 0.176
0.075 0.075 0.075 0.075 0.075 0.075
0.031 0.031 0.031 0.031 0.031 0.031
0.200 0.200 0.200 0.200 0.200 0.200
0.056 0.056 0.056 0.056 0.056 0.056


.
(5)
The columns and rows of Eq. (4) and (5) are arranged
with respect to the assumed band indices. It is also worth
to note, that the µ⋆ parameter in the one-band case is
equal to 0.21 [11, 24], and this value corresponds to the
only non-zero eigenvalue of the matrix
[
µ⋆αβ
]
.
Next, by using the explicit forms of matrices
[
λαβ
]
and[
µ⋆αβ
]
, the physical value of the characteristic phonon
frequency ΩC has to be estimated. For this purpose
the set of equations of the following form is solved:
[∆αn=1 (ΩC)]T=TC = 0. The obtained results are depicted
in Fig. 2. Because all the bands are connected with
each other, the ∆αn=1 value tends to be zero at the value
of ΩC = 18.11 meV. For comparison, in the three-band
case this value is equal to ΩC = 20.21 meV [12]. The
results presented in Fig. 2 are used for the, pivotal to
this work, calculations of the HC functions in CaC6, as
presented in the next section.
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FIG. 2: The maximum value of the order parameter as a
function of the characteristic phonon frequency at T = TC for
CaC6, as analyzed within the six-band Eliashberg equations.
III. NUMERICAL RESULTS
The critical magnetic field (HC) is defined in the fol-
lowing form, suitable for the Eliashberg formalism anal-
ysis [30]:
HC =
√−8pi∆F. (6)
where ∆F denotes the free energy difference between the
normal (N) and superconducting state (S) in the con-
sidered material. The ∆F function relates the critical
magnetic field to the solutions of the Eliashberg equa-
tions from the previous section. In particular, the ∆F
function can be written for the six-band approximation
in the following way [31]:
∆F = −2pikBT
M∑
m=1
∑
α∈{a,b,c}
ρα (0) (7)
× [
√
ω2m + (∆
α
m)
2 − |ωm|]
× [Zα,(S)m − Zα,(N)m
|ωm|√
ω2m + (∆
α
m)
2
],
were the Zα,(S) and Zα,(N) denotes the wave function
renormalization factor for the superconducting (S) and
normal (N) state, respectively. Furthermore, the sym-
bol ρα (0) constitute the vector of the electron density of
states in the six-band formalism [24]:
[ρα (0)] =


0.250
0.031
0.176
0.200
0.075
0.056


[
states
eV ∗ cell
]
, (8)
with ρ (0) =
∑
α ρα (0). It is important to note that the
∆F function is not only a input parameter for the crit-
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FIG. 3: The critical magnetic field (upper panel) and the free
energy difference between the superconducting and normal
state (lower panel) for CaC6, as obtained within the six-band
formalism. For comparison results for the one- and three-band
approximation, adopted from [12], are depicted.
ical magnetic field calculations, but also allows to verify
the physical relevancy of the obtained results. For this
reason we plot the ∆F as a function of temperature in
the lower panel of Fig. 3. The results determined within
the six-band approximation are plotted by using the open
green circles. Additionally, the one- and three-band es-
timates, obtained in [12], are given in the lower panel of
Fig. 3 and marked by the blue and red open circles, re-
spectively. One can observe notable differences between
three presented cases, specifically, when the number of
bands increases the value of the ∆F function decreases
in the range of low temperatures. Obviously, together
with the increase of the temperature all considered cases
converge, due to the fact that each of the sets has been
obtained for the same value of TC = 11.5 K. Nonetheless,
observed differences suggest the saturation of the numer-
ical calculations together with the increasing number of
the bands included in the employed approximation. Fi-
nally, from the physical point of view, the six-band results
obtained herein confirm the thermodynamic stability of
superconducting state for T ∈ (T0, TC), by exhibiting
negative values in accordance to the one- and three-band
cases.
In the same figure, i.e. Fig. 3, the calculated HC as a
function of temperature is depicted in the upper panel.
In contrary to the ∆F function our estimates for the
HC are marked by the closed green points. Once again
the results determined previously in [12] are marked for
comparison by the closed blue and red circles for the
one- and three-band model, respectively. Similarly to
the predictions given in the lower panel a sizable effect
of the anisotropy on the obtained HC results is noted.
In particular, when the number of the bands included
4in the approximation increases the HC function for the
low temperatures decreases. However, the most pivotal
observation can be made by closer inspection of the HC
function shape for different approximations. One can see
that the HC parameter obtained within the six-band for-
malism gives almost linear decrease with the increasing
temperature above T ∼ 7 K. This is in agreement with
the results adopted from [12]. Nonetheless, only results
derived from the six-band Eliashberg equations present
characteristic plateau for the lower temperatures, which
is the most physically relevant behavior of HC for such
range of the temperature.
IV. SUMMARY
In the present paper the analysis of the critical mag-
netic field in CaC6 was conducted within the six-band
Migdal-Eliashberg equations. For convenience, the ob-
tained results were compared to the previous estimates
made in the framework of the one- and three-band M-
E formalism. In particular, the conducted computa-
tions predict that the six-band approximation gives much
lower values of HC in the range of low temperatures, sug-
gesting saturation of the Eliashberg theory solutions to-
gether with the increase of number of bands included in
the employed model. Moreover, within the same tem-
perature range, the HC function exhibits a characteristic
plateau-like behavior. Such behavior is argued to be most
physically relevant among all discussed approximations.
In what follows, it is suggested that the anisotropy in
CaC6 strongly influences the HC function, not only qual-
itatively but also quantitatively. Finally, determined es-
timates also support postulate that the six-band approx-
imation is the minimal model for the proper description
of the FS in CaC6.
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